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We show that the classifying space functor B : Aion ^^ Top* from 
the category of topological monoids to the category of based spaces is 
left adjoint to the Moore loop space functor Q' : Top* -^ Mon after 
we have localized Mon with respect to all homomorphisms whose un- 
1-^ \ derlying maps are homotopy equivalences and Top* with respect to all 

C^ ' based maps which are (not necessarily based) homotopy equivalences. 

It is well-known that this localization of Top* exists, and we show 
that the localization of Mon is the category of monoids and homo- 
ff^ \ topy classes of homotopy homomorphisms. To make this statement 

r^ • precise we have to modify the classical definition of a homotopy homo- 

morphism, and we discuss the necessary changes. The adjunction is 
Q\ [ induced by an adjunction up to homotopy B : T-LAiori^ ^ Top^ : $7' 

'^ ' between the category of well-pointed monoids and homotopy homo- 

cn . morphisms and the category of well-pointed spaces. This adjunction 

Z^ i is shown to lift to diagrams. As a consequence, the well-known derived 

adjunction between the homotopy colimit and the constant diagram 
functor can also be seen to be induced by an adjuction up to homo- 
topy before taking homotopy classes. As applications we among other 
things deduce a more algebraic version of the group completion theo- 
Cd ■ rem and show that the classifying space functor preserves homotopy 

colimits up to natural homotopy equivalences. 



1 Introduction 

Let Top denote the category of /c-spaces, Top* the category of based fc-spaces, 
and Top^ the category of well-pointed /c-spaces. Recall that a space X is a 
k-space if A C X is closed iff p~^{A) is closed in C for each map C -^ X 



where C is a compact Hausdorff space, and that a space is called well-pointed 
if the inclusion of the base point is a closed cofibration. 

Let Aion denote the category of topological monoids and continuous ho- 
momorphisms, and Aion"^ and CAion the full subcategories of Aion of well- 
pointed respectively of commutative monoids. A monoid is canonically based 
by its unit. 

We are interested in the relationship between Milgram's classifying space 
functor i? : A^on — )■ Top* and the Moore loop space functor fl' : Top* -^ 
M.on (for explicit definitions see Section 4). 

If we restrict our attention to CM.on we can easily establish a relation- 
ship between the classifying space functor and the usual loop space func- 
tor VL : Top* —7- Top*: it is well-known that the classifying space BM of a 
commutative monoid is a commutative monoid [H], so that we have a func- 
tor B : CAion — !■ CAion. The usual loop space functor induces a functor 
Q : CAion — !> CAion by defining the multiplication in flM by point-wise 
multiplication in M. The category CAion is enriched over Top* in an obvi- 
ous way, and it is tensored and cotensored (for definitions see [6] or Section 
3). The cotensor M^ of M G CAion and K G Top* is the function space 
with point- wise multiplication. It is well-known that B{M) = M ^ S^, the 
tensor of M and S^. Since — ^ K is left adjoint to (— )^' we obtain: 

1.1 Proposition: The functors 

B : CAion ^ CMon : Q 
form a Top*-enriched adjoint pair. 

In the non-commutative case there is no hope for a similar result. A candidate 
for a right adjoint of the classifying functor 

B : Mon -^ Top* 

is the Moore loop space functor 

i7' : Top* -^ Mon, 

but Q' does not preserve products. In fact, there is no product preserving 
functor 

F : Top* -)■ Aion 

such that F{X) ~ fi(X) for all X Prop. 6.1]. 

But Q' does preserve products up to natural homotopy. So one might expect 
it to be a right adjoint of B up to homotopy or after a suitable localization 
of the categories. We will prove this in this paper. 



1.2 Remark: This contrasts the situation in the simphcial category: The 
loop group functor G : SSets — )■ SQroups from simphcial sets to simph- 
cial groups is left adjoint to the simphcial classifying space functor W : 
SQroups — !■ SSets (e.g. see [HI Lemma V.5.3]). 

We call a based map in Top* a weak equivalence if it is a not necessarily based 
homotopy equivalence, and a homomorphism m M.on a, weak equivalence if 
the underlying map of spaces is a weak equivalence in Top* . Let Ho Top* and 
Ho A^on be the categories obtained from Top* respectively Aion by formally 
inverting weak equivalences. 

1.3 Theorem: The categories Ho Top* and HoA^on exist and the classify- 
ing space functor and the Moore loop space functor induce a derived adjoint 
pair 

Ho 5 : Ho Alon ^ Ho Top* : Hof]' 

It is well-known that Ho Top* exists, but since it is not known that M.on 
admits a Quillen model category structure with our choice of weak equiva- 
lences the existence of YioAion is a priori not clear. If we did choose the 
weak equivalences in Top* to be weak homotopy equivalences we could avoid 
this problem, but we prefer our choice for two reasons: we obtain stronger 
results, namely genuine homotopy equivalences rather than weak ones, and 
our proofs have to be more geometric and therefore are of separate interest. 

In the construction of Ho A^on homotopy homomorphisms between monoids 
come into play. They were introduced by Sugawara in 1960 [2T] and ex- 
tensively studied by Fuchs in 1965 [8]. If we define a semigroup to be a 
topological space with a continuous associative multiplication, an inspection 
of the definition shows that a homotopy homomorphism / : M — )■ A^ of 
monoids is nothing but a semigroup homomorphism WM — )■ N where W is 
a variant of the Boardman-Vogt H^-construction [1] (not to be confused with 
the functor W of Remark [TT^ . If 5gp denotes the category of semigroups and 
continuous homomorphisms then W : 5gp — )■ iSgp is a functor equipped with 
a natural transformation e : VT — )■ Id. The Boardman-Vogt VT-construction 
W : M.on ^ M.on and its associated natural transformation e : VT — ;■ Id are 
obtained from {W, e) by factoring out a unit relation. In particular, for any 
monoid M there is a natural projection e'{M) : WM — )■ WM of semigroups 
such that e{M) o e'{M) = e{M). 

The lack of conditions for the unit is an indication that Sugawara's notion of 
a homotopy homomorphisms is not quite the correct one. So we define uni- 
tary homotopy homomorphism from M to iV to be monoid homomorphisms 
WM — )■ iV; those were studied in 1999 by Brinkmeier [3]. 



Composition of homotopy homomorphisins and their unitary versions is only 
associative up to homotopy. To obtain genuine categories of monoids and 
(unitary) homotopy homomorphisms we modify both notions: A homotopy 
homomorphisms from M to A^ will be a semigroup homomorphism WM — )■ 
WN and a unitary one a monoid homomorphism WM -^ WN. From a 
homotopy theoretical point of view this modification is not significant: 

1.4 Proposition: If M, A^ are monoids and M is well-pointed and G, H 
are semigroups then the maps 

e{N), : Mon{WM,WN) -^ Mon(WM,N) 
e{N),:Sgp{WG,WH) -^ Sgp{WG,H) 

are homotopy equivalences. 

It is well-known that WM — )■ M has the flavor of a cofibrant replacement of 
M as known from model category theory provided M is well-pointed (e.g. see 
[2], [22]). So it is no surprise that the category of well-pointed monoids and 
homotopy classes of unitary homotopy homomorphisms is the localization 
of A4ony with respect to its weak equivalences. If we want to construct 
HoA^on we have to laxen unitary homotopy homomorphisms to homotopy 
unitary homotopy homomorphisms and the corresponding statement holds. 
We will study these various notions of homotopy homomorphisms in Section 
2 in detail. 

If our categories lack the appropriate Quillen model structure, this is made 
up by their topological enrichment with nice properties. This topological en- 
richment allows us to prove stronger results. E.g. the restriction of Theorem 
11.31 to the well-pointed case is the path-component version of the following 
result. 

1.5 Theorem: Let T-CAion^ be the category of well-pointed monoids and 
unitary homotopy homomorphisms. Then the classifying space functor and 
the Moore loop space functor induce an adjunction up to homotopy 

nMon"" ^ Top"". 

In Section 3 we will introduce the necessary notions to make this precise. 
There we will also recall basic facts from enriched category theory and show 
that topologically enriched categories with a class of weak equivalences which 
admit a cofibrant replacement functor can be localized. We believe that these 
results are of separate interest. 



In Section 4 we prove Theorem 11.51 and related results and hence Theorem 
11.31 In Section 5 we draw some immediate consequences of Theorem 1 1 . 3 1 and 
of the intermediate steps in the proof of Theorem 11.51 

E.g. we obtain yet another but considerably shorter proof of a strong version 
of the James construction. 

1.6 Definition: A Dold space is a topological space admitting a numerable 
cover {U^; 7 G F} such that each inclusion U^ G X is nuUhomotopic. 

A space of the homotopy type of a CW-complex is a Dold space. For more 
details on Dold spaces see [T7] . 

1.7 Proposition: (1) If X is a well-pointed space and JX is the based free 
topological monoid on X (the James construction), then BJX ~ EX. 

(2) If X is a well-pointed path-connected Dold space, then JX ~ fiSX. 

Part (2) was first proven in [7], shorter proofs can be found in [16] and [T7] . 

We also obtain a new interpretation of the group completion theorem of a 
monoid without any additional assumptions on the multiplication. 

1.8 Definition: A topological monoid is called grouplike if it admits a con- 
tinuous homotopy inversion. 

A standard example of a grouplike monoid is the Moore loop space Vt'X of 
a space X. 

1.9 Theorem: Let M be a well-pointed topological monoid. Then there is 
a unitary homotopy homomorphism ^m '■ M — )■ Q'BM, natural up to homo- 
topy, having the following universal property: Given any unitary homotopy 
homomorphism f : M ^ N into a grouplike monoid N there is a unitary 
homotopy homomorphism / : Q'BM — )■ N, unique up to homotopy, such 
that / o /_ijv/ ^ /. (Here homotopy means homotopy in the category, i.e. 
homotopy through unitary homotopy homomorphisms.) 



From the intermediate steps of the proof of Theorem 11.51 we obtain the fol- 
lowing extension and strengthening of a theorem of Fuchs [HI Satz 7.7] 

1.10 Proposition: (1) If M and N are well-pointed monoids and N is 
grouplike then 

B : Mon{WM, WN) -^ Top*{BWM, BWN) 



is a homotopy equivalence. 

(2) If X is a well-pointed path-connected Dold space then Wfl' : Top'^{X, Y) — )■ 

A4on^{WQ'X, WQ'Y) is a homotopy equivalence. 

The reader may object that Fuchs considers homotopy homomorphisms while 
Proposition 11.101 addresses unitary homotopy homomorphisms. Since Fuchs 
only considers well-pointed grouplike monoids and all his spaces are of the 
homotopy type of CVT-complexes the two notions are linked by 

1.11 Proposition: Let M and A^ be well-pointed monoids and A^ be group- 
like. Then 

{e'Y : Mon{WM, N) -^ Sgp{WM, N) 

is a homotopy equivalence, 

Section 6 deals with diagrams in topologically enriched categories Ai with 
weak equivalences and a "good" cofibrant replacement functor. We first show 
that their localizations with respect to maps of diagrams which are object- 
wise weak equivalences exist. We then show that the well-known derived 
adjunction induced by the colimit functor and the constant diagram functor 
is the path-component version of an adjunction up to homotopy between the 
homotopy colimit functor and the constant diagram functor. We believe that 
this is of separate interest, too. We then show that the homotopy adjunction 
of Theorem 11.51 lifts to a homotopy adjunction between the corresponding 
categories of diagrams. In contrast to strict adjunctions this is a priori not 
clear, because the associated unit is natural only up to homotopy and hence 
does not lift to diagrams. We apply these result to prove 

1.12 Theorem: The classifying space functor B : Aion — )■ Top* preserves 
homotopy colimits up to natural homotopy equivalence. 

The path-component versions of most of our main results are more or less 
known if we restrict to grouplike monoids. The paper extends these results to 
general monoids and shows that they arise from stronger statements. More- 
over, we show that a topological enrichment with good properties can make 
up for the non-existence of Quillen model structures. 



2 Homotopy homomorphisms revisited 

In 1960 Sugawara introduced the notion of a strongly homotopy multiplica- 
tive map between monoids, which we will call a homotopy homomorphisms 
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or /i-morphisin, for short 

2.1 Definition: A homotopy homomorphism or h-morphism f : M -^ N 
between two monoids is a sequence of maps 

/„ : M''+^ X r — > N neN 

such that {xj G M, tj G /) 

/nl^'^O) ''1) -^l) ''2; • • • ; t-n; •^n) 

Jn—1 \-^0y I'll • • • 5 -^i—l ' -^i) • • • ) T^ri) •^n) H I-j U 

Ji~l[XQ, ti, . . . , Xi-i) ■ Jn-i[Xi, tj_|_i, . . . , Xn) it tj = 1 

We call fo'.M^N the underlying map of /. 
If in addition /o(eM) = e^r and 

/„_i(xi,t2,- • •,a;„) a xo = Cm 

fn-i{xo,. . .,Xi_i,max(tj,ti+i),Xi+i,. . . ,x„) if Xj = cm 

fn~l{Xo,ti, . . . ,Xn~l) ii Xn = Cm 

where cm ^ M and cn & N are the units, we call / a unitary homotopy 
homomorphism or uh-morphism, for short. 

Since an /i-morphism does not pay tribute to the unit it does not seem to 
be the right notion for maps between monoids. E.g. if we require /o to be a 
based map so that it preserves the unit we would like the path 

fiix,t,y) 

Mx-y) fo{x)-fo{y) 

to be the constant one, if x or y is the unit. Unitary /i-morphisms have this 
property. Never-the-less, in the past one usually considered /i-morphisms 
because the additional conditions for n/i-morphisms make it harder to work 
with them. 

We will later find it more convenient to work with homotopy unitary homo- 
topy homomorphisms which preserve the unit only up to homotopy. We will 
introduce those at the end of this section. 

The most extensive study of /i-morphisms and their induced maps on clas- 
sifying spaces was done by Fuchs [8], who constructed composites of h- 
morphisms, proved that composition is homotopy associative and stated that 



an /i-morphism f : M ^ N whose underlying map is a honiotopy equivalence 
has a homotopy inverse /i-morphisms g : N -^ M. In fact, he constructed 
go, gi and the homotopies (7 o / ^ id and f o g c:^ id in dimensions and 1 
in [HI p.205-p.208], but left the rest to the reader. He produced a complete 
proof in [9] . 

We handle these problems by interpreting homotopy homomorphisms as gen- 
uine homomorphisms of a "cofibrant" replacement of M. 

By a semigroup we will mean a /c-space with a continuous associative multi- 
plication. Let Sgp denote the category of semigroups and continuous homo- 
morphisms. 

2.2 Constructions: We will construct continuous functors 

W : Sgp — > Sgp and W : Mon — > Mon 

and natural transformations 

e:W — ^ Id and e:W — ^ Id 

as follows: 

WM = I JJ M"+^ X /" j / ~ 

\n=0 / 

with the relation 

(1) (a;o, ti, . . . , t„, Xn) ~ (xo, h, . . . , Xi-i ■ Xi, . . . , U, Xn) iiti = 
and WM is the quotient of WM by imposing the additional relations 

(2) Jn\Xo, ti, Xi, ^2, . . . , tn, Xn) 
fn-l{Xi,t2,...,Xn) H Xq = 6 

Jn-i[xo, ■ ■ ■ , Xi-i, max(tj, tj+i), Xj_(_i, . . . , Xn) II Xi = e 

fn-l{Xo, ti, . . . , Xn-l) ii Xn = e 

The multiplications of WM and WM are given on representatives by 
(xo, ti,...,Xk) ■ ivo, Ml, • • • , yi) = (xo, h,... Xk, 1, I/O, Ml, ... , yi). 
The natural transformations e and e are defined by 

e{M), e{M) : (xq, ti, . . . , Xfc) i — > Xq ■ Xi ■ . . . ■ Xk- 
Their underlying maps have natural sections 

l{M), l{M) : X ^ (x) 
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which are not homomorphisins, and there is a homotopy over M 

i^s • \-^0) ''1; -^i, . . . , Xn) ' ' \XQ) S • ti, . . . , S ■ Zfi, Xfij 

from l(M) o e{M) respectively i{M) o e{M) to the identity. In particular, 
s{M) and s{M) are shrinkable as maps. 

If M is a monoid the projection 

e'{M) : WM -^ WM 

is a homomorphism of semigroups satisfying 

e{M) = e{M) o e'{M) and e'{M) o i{M = l{M). 

By inspection we see 

2.3 Observation: (1) /i-morphisms (/„) : M ^ N correspond bijectively 

to homomorphisms / : WM -^ N oi semigroups, and /o = / o 'l{M) 

(2) w/i-morphisms (/„) : M ^ N correspond bijectively to homomor- 
phisms / : WM -^ N oi monoids, and fo = fo l{M) 

2.4 Observation: Algebraically, WM is a free semigroup and WM is a 
free monoid. The indecomposables are precisely those elements which have 
a representative (xq, ti, xi, . . . , a;„) where no tj equals 1. 

2.5 The formal relation between W and W: The forgetful functor 
i : A4on — )■ iSgp has a left adjoint 



: Sgp -^ Mon, G h^ G 



+ 7 



where G+ = G U {*} with * as unit. It follows from the definitions that the 
diagram 



Sgp ^ Sgp 



(-)h 



Mon-^M 



(-)h 



on 
commutes up to natural isomorphisms in Aion. 

Both constructions have a universal property, which is a consequence of the 
following result. We give Top*{X,Y) and Top{X,Y) the /c-function space 
topology, obtained by turning the space of all maps from X to F with the 
compact-open topology into a /c-space. We give A^on(M, N) and iSgp(M, N) 
the subspace topologies of the corresponding function spaces in Top* respec- 
tively Top. 
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2.6 Definition: We call a homomorphism / : M — )■ A^ in Aion or Sgp a 
weak equivalence if its underlying map of spaces is a homotopy equivalence 
in Top. (Recall that a weak equivalence in Aion is a. homotopy equivalence 
of underlying spaces in Top* if M and A^ are well-pointed.) 

2.7 Proposition: (1) Let M be a well-pointed monoid and p : X ^ Y a. 

homomorphism of monoids. Let 

p, : Mon{WM,X) — > Mon{WM,Y) 

be the induced map. If p is a fibration of underlying spaces, so is p*. 
If p is a weak equivalence, p^ is a homotopy equivalence. 

(2) The same holds for W and an arbitrary object M in the category iSgp. 

Proof Let p : X ^ Y he a. weak equivalence. By the HELP-Lemma [23] in 
Top with the Str0m model structure [19] we have to show: Given a diagram 
of spaces 

(A) 

A^^Mon{WM,X) 



B^^Mon{WM,Y) 

which commutes up to a homotopy hA,t '■ 9 ° i — P* ° Ia, where i is a 
closed cofibration, there are extensions f : B ^ Aion{WM, X) of j'a and 
ht : B ^ Mon(WM, Y) of hA,t such that ht : g ^ P:^o f. 

Passing to adjoints we obtain a diagram 



WM X A- 

idxi 

WM X B 



fA 



X 



Y 



commuting up to a homotopy hA,t, such that each fa = /aIWM x {a}, each 
9b = g\WM X {b}, and each ha^t = hA,t\WM x {a} is a homomorphism. We 
have to construct extensions / : WM x B ^ X and ht : WM x B ^ Y 
of /a and hA,t such that ht : g ^ p o f and each hb^t and fb, b E B is a 
homomorphism. 

We filter WM x B hj closed subspaces F„, x B, where F^ is the submonoid 
of WM generated by all elements having a representative (xq, ti, . . . , tk, Xk) 
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with k < n. We put F_i 
F_i X B. 



{e}. Then / and ht are uniquely determined on 



Now suppose that / and hf have been defined on -F„_i x B. An element 
{xq, ti, . . . , tni Xn) represents an element in F^-i iff one of the following con- 
ditions holds 



• some Xi = e (relation 12.21 2) 

• some tj = (relation I2.2[ l) 

• some ti = 1 (it represents a product in F„_i). 

If DM"'^^ C M"+^ denotes the subspace of points with some coordinate e, 
then / and ht are already defined on (DAf'+i x /"UM'^+i x (9/") x 5UM"+i x 
/" X A. The elements in (iVf^+i x /'^)\(L)M"+i x /" UM"+i x 9/") represent 
indecomposables of filtration n, but not of lower filtration. Consider the 
diagram 

(B) 



(DM"+i X J" U Af"+i X 9/") X 5 U A/"+i X J" X A ■ 



■M 



71+1 



X 



X J" X 5 



y 



(in abuse of notation we use g for the composite M"^^^ xI"'xB — )■ WMxB — )■ 
y). Diagram (B) commutes up to the homotopy ht and we need an extension 
of / and ht to M""*"^ x I^ x B. These extensions exist by the HELP-Lemma, 
because our assumptions ensure that j is a closed cofibration. So we have 
defined / and ht for indecomposable generators (xq, ti, . . . , tn, Xn) of F„. We 
extend these maps to F„ x 5 by the conditions that each ff, and h^^t, b & B 
be a homomorphism using Observation 12.41 

Now suppose that p is a fibration. By [191 Thm. 8] we need to consider a 
commutative diagram (A), where i is a closed cofibration and a homotopy 
equivalence, and we have to find an extension / : 5 — t- Aion{WM, X) of J'a 
such that g = p* o f- We proceed as above. In the inductive step we have 
a commutative diagram (B). Since i is a closed cofibration and a homotopy 
equivalence so is j by the pushout-product theorem for cofibrations. Hence 
the required extension / : M"+^ x I^ x B ^ X exists by [191 Thm. 8] . 

Part (2) is proved in the same way starting with F_iM = 0. □ 

As an immediate consequence we obtain the 
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2.8 Lifting Theorem: Given homomorphisms of monoids 

X 



WM ^Y 

sucli tliat p is a weak equivalence and M is well-pointed, then there exists 
a homomorphism g : WM -^ X, unique up to homotopy in A4on (i.e. a 
homotopy through homomorphisms) such that f c:^ po g in Aion. 
If, in addition, the underlying map of p is a fibration there is a homomorphism 
g : WM — >■ X, unique up to homotopy in M.on, such that f = p o g. 

(2) For W the analogous results hold in the category iSgp. 

2.9 By Proposition 12. 71 the second one of the maps 

e{N)^:Mon{WM,WN) -> Mon(WM,N) 
e{N),:Sgp(WM,WN) -^ Sgp(WM,N) 

is a homotopy equivalence, and the first one is a homotopy equivalence if M 
is well-pointed. 

To guarantee the well-pointedness condition we introduce the whiskering 
functor. 

2.10 The whiskering costruction: We define a functor 

V : Top* -^ Top"" 

by V^{X, xq) = {X L\ I) / {xq ~ 1) and choose G / as base-point oi Xj. Then 
V^X is wellpointed, and the natural map q{X) : V^X — )■ X mapping / to Xq 
is a homotopy equivalence. If X is wellpointed, q{X) is a based homotopy 
equivalence. 

This functor lifts to a functor 

V : Mon —)■ MoinJ" 

defined by V{M) = V*{M) with xq replaced by cm with the multiplication 

X -y e M ii x,y e M 

X if a; G M, y E I 

^ 'y ~ '^ y iiy e M, X e I 

max(x, y) ii x,y E I 

Since G / is the unit of VM the monoid VM is well-pointed. The natural 
map q{M) : VM — )■ M is a weak equivalence in Aion. 
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A homomorphism / : WVM — )■ A^ can be considered a homotopy unitary 
homotopy homomorphism with underlying map /o = / o i{M) o q{M) : M — )■ 
VM -^ WVM -> N, where q{M) : M -^ VM is the canonical map. We 
note that /o preserves the unit Cm only up to homotopy. 

By 12.91 the following change of our notations of homotopy homomor- 
phisms is insignificant from a homotopy theoretic point of view: 

2.11 Definition: Prom now on a homotopy unitary homotopy homomor- 
phism, huh-moiphism for short, from M to A^ is a homomorphism / : 

WVM -)■ WVN. Its underlying map is e{N) o / o l{M) o q{M). 
A unitary homotopy homomorphism, w/i-morphism for short, from M to A^ 
is a homomorphism / : WM — )■ WN. Its underlying map is ^(A^) o / o l{M). 
A homotopy homomorphism, /i-morphism for short, from the semigroup M 
to the semigroup A^ is a homomorphism / : WM -^ WN. Its underlying 
map is ^(A^) o / o l(M). 



This solves the problem of composition, and from 12.71 we obtain 

2.12 Proposition: If / : WM -^ WN is a w/i-morphism from M to A^ 
whose underlying map is a homotopy equivalence, and M and A^ are well- 
pointed, then / is a homotopy equivalence in the category Aion. 
If / : WVM — > WVN is a /in/i-morphism from M to A^, whose underlying 
map is a homotopy equivalence, then / is a homotopy equivalence in the 
category Aion. 
The analogous statement in 5gp holds for homomorphisms WM -^ WN. 



3 Categorical prerequisites and localizations 

The functors WV : Aion — )■ Aion and W : iSgp — ?■ iSgp resemble cofibrant 
replacement functors as known from Quillen model category theory. Un- 
fortunately, there is no known model category structure on Aion with our 
choice of weak equivalences. This draw-back is made up by the topological 
enrichment of our categories as we will see in this section. 

Our categories are enriched over Top* or Top. So we have a natural notion 
of homotopy. Moreover, they are tensored and cotensored. Recall that a 
7op*-enriched category A^ is tensored and cotensored (over Top*) if there 
are functors 

Top* xM -^ 7W, (X, M) K> X K M 
(rop*)°P X M -> >1, \x,M) ^ M^ 
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and natural homeomorphism 

M{XMM,N) =rop*{X,M{M,N)) =M{M,N^). 

These properties imply that for based spaces X and Y and objects M G A^ 
there are natural isomorphisms 

{X ^Y)MM^Xm{YMM). 

The definition in the Top-enriched case is accordingly. To distinguish between 
the based and the non-based case we denote the tensor over Top by X M. 
The natural isomorphism in non-based case reads 

{X ^Y) ® M = X ® {Y ® M). 

Forgetting base points turns a Top*-enriched category M. into a Top-enriched 
one. If M. is tensored over Top* it is also tensored over Top: we define 

X®M = x+mM 

where X+ = X U {*} with the additional point as base point. 

3.1 Example: Aion is Top*-enriched, tensored and cotensored [TJl Prop. 
2.10]. The cotensor M-^ is the fc-function space with pointwise multiplication, 
X M M is more complicated: as a set, it is a free product of copies M, one 
copy for each x G X different from the base point. By the same argument as 
in [15] the category i5gp is Top-enriched and tensored and cotensored over 
Top. 

If ®5gp denotes the tensor in iSgp and ® the one over Top in A^on, then 
the universal properties of the tensor and of the adjunction of l2.5l imply that 
there is a natural isomorphism 

in M.on for semigroups G. 

If M. is tensored over Top it has a canonical cylinder functor M ^^ I ® M. 
The associated homotopy notion coincides with the natural one. We denote 
the quotient category of M. obtained by passing to homotopy classes by txM.. 

3.2 Definition: Let A^ be a category and W a class of morphisms in A^, 
which we will call weak equivalences. The localization of M. with respect to 
if \s& category M.\W'^\ with o\>M.\W~^\ = ob Al and a functor 7 : Al -)■ 
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MX0^-^\ such that 

(1) 7 is the identity on objects 

(2) 7(/) is an isomorphism for all f & W 

(3) if F : A^ — !■ P is a functor such that F{f) is an isomorphism for all 
f & W then there exists a unique functor F : M.\W~^\ — > D such that 
F = Fo7. 

3.3 Proposition: Let A^ be a Top-enriched tensored category and W a 
class of morphisms in M. such that 

(1) W contains all homotopy equivalences, 

(2) there is a functor Q : M. ^ J\A and a natural transformation e : Q — )■ Id 
or a natural transformation 77 : Id — )■ Q taking values in W such that Q] is 
a homotopy equivalence for each f ^W . 

Then M.\W-^\ exists. More precisely, 7W[^-^] = txUC, where obHC = 
ohM and nM{M^,M2) = M{QMi,QM2), and 7 : 7W ^ A^fyT-i] maps a 
morphism / to the homotopy class of Qf. 

Proof The proof is the same as in the case of a Quillen model category (e.g. 
see [TOl Thm 8.3.5]). Observe that 7 maps weak equivalences to isomor- 
phisms by assumption (2), and that a functor F : "D — )■ P which maps weak 
equivalences to isomorphisms maps homotopic maps to the same map. The 
latter holds because the bottom and top inclusions io,ii : X -^ I ^ X into 
the cylinder are homotopy equivalences with a common homotopy inverse. 
D 



3.4 Remark: For Proposition 13.31 we do not need that the tensor X ® M 
exists for all topological spaces: it suffices that I ® M and P ® M exist so 
that the above argument works. 

3.5 Notation: Following the standard convention we denote J\A[W^^] by 
Ho M. if the class W has been specified. 

A pair (Q, e : Q ^\d) respectively (Q, 77 : Id — )■ Q) satisfying the require- 
ments of l3.3l will be called a cofibrant respectively fibrant replacement functor. 
The Top-enriched categories Ai considered in this paper will have a continu- 
ous cofibrant replacement functor, and we call the category T-LAi the category 
of Q -morphisms associated with Ai. 

3.6 Definition: A functor Q : Ai ^ Ai together with a natural transfor- 
mation e : Q — ?■ Id is called a strong cofibrant replacement functor if each 
e{M) : Q{M) -^ M is a weak equivalence and p^ : M{QA, B) -^ M{QA, C) 
is a homotopy equivalence whenever p : S — )■ C is a weak equivalence. 
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Clearly, a strong cofibrant replacement functor is a cofibrant replacement 
functor. 

3.7 Examples: 



1. Let W C M.on be the class of weak equivalences in the sense of 12. 61 

Then WV : Mon -^ Mon together with WVM ^^^ VM ^^ M 
is a strong cofibrant replacement functor by 12.121 and the Q-morphisms 
are the /iu/?,-morphisms. 

2. Let W C M.on^ be again the class of weak equivalences. Then W : 
Aion^ — )■ Aion^ together with e : W ^ Id is a. strong cofibrant re- 
placement functor by l2.12[ and the Q-morphisms are the u/i-morphisms. 

3. Let W C Sgp be the class of weak equivalences. Then W : Sgp — )■ Sgp 
together with e : W ^ Id is a. strong cofibrant replacement functor by 
I2.12[ and the Q-morphisms are the /i-morphisms. 

4. Let W C Top* be the class of based maps which are (not necessarily 
based) homotopy equivalences. Then V^ : Top* — ?■ Top* together with 
g : l^* — )■ Id is a strong cofibrant replacement functor by the lemma 
below, the proof of which we leave as an exercise. 

5. Let W C Top^ be the class of homotopy equivalences. Then Id : 
Top^ — )■ Top^ is a strong cofibrant replacement functor and each map 
is a Q-morphism. 

3.8 Lemma: Let A be a well-pointed space and p : X ~^Y a, map in Top* 
which is a not necessarily based homotopy equivalence. Then 

p,:Top*{A,X)^Top*{A,Y) 

is a homotopy equivalence in Top. 

3.9 Proposition: The localizations of the categories of 13. 71 with respect to 
their weak equivalences exist. 



This follows from 13.31 and 13. 4[ if we can show that the tensors I ® M and 
P ® M exist in Mon^ , which holds by [151 Prop. 7.8]. 

3.10 Definition: Let A^ be a category and W a class of morphisms in 
M such that M[W~^] exists. Let F : M. ^ V he a functor. A functor 
L F : }A\W^^] — )■ T> together with a natural transformation r : L -^ o 7 — > -F 
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is called left derived functor of F, if given any functor T : Ai[W^^] — ?■ V 
and natural transformation a : T o 7 — )■ F, there is a unique natural trans- 
formation p : T ^ LiF such that a = r o (p * 7). 

Dually, a functor RF : Ai[W~^] — ?■ 25 together with a natural transforma- 
tion fi : F ^ 'El Fc-f is called right derived functor of F, if given any functor 
G : A^l^^^^] — ?■ V and natural transformation z/ : F — t- G o 7, there is a 
unique natural transformation ^ : RF — )• G such that (^ * 7) o p. 

3.11 Remark: (1) A left or right derived functor is unique up to natural 
isomorphism if it exists. 

(2) If F : A^ — 7- P maps weak equivalences to isomorphisms, then the induced 
functor F : Ai[W~^] is the right and left derived functor of F. 



3.12 Proposition: Let Ai be as in Proposition I3.3[ and let F : M. ^ B 
be a functor which maps homotopy equivalences to isomorphisms. Then 

L(7r o F) : Ai[W~^ — t- B exists if Ai has a cofibrant replacement functor, 
and RF : Ai[W~^] — )■ B exists if Ai has a fibrant replacement functor. In 
both cases the derived functor is induced hj F o Q : J\A ^ B. 



Proof The proof is the same as in the case of a model category (e.g. see [T0| 
8.4.]). D 

3.13 Let F : A^ — 7- i3 be a functor between Top-enriched categories ad- 
mitting cofibrant replacement functors Qm : A^ — )■ A^ and Qb : B ^ B. 
Proposition 13.121 motivates the introduction of the functor 

F^ : KM -^ KB 

defined on objects by F^{X) = F{Q/^X) and on morphisms by 

F"" : M{QmX,QmY) ^^ B{QisFQmX,QisFQmY). 

If F preserves homotopy equivalences, e.g. if F is continuous, and tt^ : S — )■ 
irB is the canonical functor, then vrg o F^ induces the left derived functor 

HoF:HoAl^Ho-B 

of TVs o F. Following model category terminology, we call Ho F the total left 
derived functor of F. 

One of the objectives of this paper is to show that the classifying space 
functor and the Moore loop space functor induce an adjoint derived pair (see 
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Theorem 14. 61 below) . This is the path-component version of the more general 
result (Theorem 14.51 below) that 

B'^ : nMon ^^ Top* : Q''^ 

are a homotopically adjoint pair. To make this last statement precise we 
need some preparations. 

3.14 Definition: Let A and B be topologically enriched categories. A func- 
tor F : A ^ B is called continuous if 



F -.AiA^B) 
is continuous for all A and B in A. 



B{FA,FB) 



li F,G : F : A ^ B are continuous functors, a collection of morphisms 
{a{A) : FA — )• GA; A G ob.4} is called a natural transformation up to 
homotopy if the diagram 



a{Ar 



B{FA,FB) 

a{B), 

B{FA,GB) 



AiA,B)- 

G 

B{GA,GB) 

is homotopy commutative. 
A pair of continuous functors 

F:A^B:G 

is called a homotopy adjoint pair if there is a natural transformation up to 
homotopy 

a{A,X) : B{FA,X) -^ AiA,GX) 

such that each a{A,X) is a homotopy equivalence. 

Observe that we have chosen a strong form of a natural transformation a : 
-F — )■ G up to homotopy: for each morphism f : A ^ B in A we have a 
square 

a{A) 




FB '-—^GB 

commuting up to a homotopy H{f) which is continuous in /. 
The proofs of the following two lemmas are easy exercises. 
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3.15 Lemma: Let S,T,U : A ^ B he continuous functors of topologically 
enriched categories. 

(1) Each natural transformation a : S* — ?■ T is a natural transformations up 
to homotopy. 

(2) If e : 5 — 7- T and ?7 : T — )■ f/ are natural transformations up to homotopy, 
then ?7 o e : 5 — 7- f/ is one. 

(3) Let e : 5 — 7- T be a natural transformation up to homotopy such that each 
e{A) is a homotopy equivalence. Choose a homotopy inverse 77(A) of e{A) 
for each A in A. Then the ri{A) form a natural transformation 77 : T — )■ 5 up 
to homotopy. □ 

3.16 Lemma: Let S,T,U,V : A ^ B he continuous functors of topolog- 
ically enriched categories, and let e : S* — )■ T and r] : U ^ V he natural 
transformations up to homotopy. 

(1) Let F,G : A°P X A ^ Top he defined by F{A, B) = A{A, B) and 
G{A,B) = B{TA,TB). Then 

t{A,B) : AiA,B) ^ B(TA,TB) 

is a natural transformation from F to G. 

(2) Let F,G : A°P X A ^ Top he defined by F{A, B) = B{VA, SB) and 
g{a,B) = B{UA,TB). Then 

a{A, B) : B{VA, SB) '^''^*°^^^^*> B{UA, TB) 
is a natural transformation from F to G up to homotopy. □ 

3.17 Proposition: Let F : A ^ B : G he & pair of continuous functors of 
topologically enriched categories. Suppose there are natural transformations 
up homotopy 

/i(A) : A -^ GF{A) and r)(X) : FG{X) -^ X 

such that 

GiviX)) o fi(GX) ~ idcx and viFA) o (F(/i(A)) ^ id^^ . 

Then F and G are a homotopy adjoint pair. (We call yU. : Id — )■ GF the homo- 
topy unit and 77 : FG — )■ Id the homotopy counit of the resulting homotopy 
adjunction.) 
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Proof We define 



and 



a{A, X) : B{FA, X) 4 A{GFA, GX) ^^ A{A, GX) 



(3{A,X) : A{A,GX) A B{FA,FGX) ^^ 13{FA,X). 



By 13.161 both are natural transformations up to homotopy. Tlie following 
diagram shows that /3{A, X) o a{A, X) ~ id. 



A{GFA, GX) 



/.(A)* 



■AiA,GX) 



G 



B{FA,X) I B{FGFA,FGX) 



II 



(Ff^iA))* 



B{FA,FGX) 



n[FAr 



vix). 



III 



(FKA))* 



ri{X). 



B{FA,X) 



B{FGFA,X) 

The squares II and III commute and square I commutes up to homotopy, 

and {Ffj,{A))* o ri{FA)* ~ id by assumption. 

The proof that a{A, X) o /3(A, X) ~ id is dual. □ 

3.18 Definition: A homotopy adjunction F : A ^ B : G is called natural 
if there is a natural homotopy equivalence 

P{A,X) : A{A,GX) -^ B{FA,X) 

and conatural if there is a natural homotopy equivalence 

a(v4, X) ■ B{FA, X) -^ A{A, GX) 

(because in this case there is a natural homotopy unit respectively a natural 
homotopy counit). 

4 The classifying space and the Moore loop 
space functor 

4.1 The 2-sided bar construction: Let C be a small topologically en- 
riched category, X a C^-diagram and Y a C-diagram in Top. We define a 
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simplicial space B,{X,C,Y) by 

BoiX.CY) = UAecXiA)xYiA) 

B^{X,C,Y) = UA,BecXiB)xCn{AB)xY{A) forn > 0, 

where Cn{A, B) is the space of all composable ra-tuples of morphisms (/i, . . . , fn) 
such that source(/n) = A and target(/i) = B, with boundary and degen- 
eracy maps given by 

di{x,fi,...,fn,y) = (X(/i)(x),/2,--- ,fn,y) i = 

d[{x, /i, ...,/„, y) = (x, /i, ..., /i o /i+i, ...,/„, y) <i<n 

d'{xJi,...Jn,y) = (x,/i,...,/„_i,F(/„)(2/)) i = n 

s'ix, /i, . . . , /n, y) = (x, /i, . . . , /i, id, /i+i, ...Jn,y) 0<i<n 

Let i?(X, C,F) = \B,{X,C,Y)\ be its topological realization. 

We consider a topological monoid as a topologically enriches category with 
one object and define the classifying space functor 

B : Mon — > Top* 

by BM = B{*, M, *). Since BM is well-pointed if M is, the classifying space 
functor is a functor of pairs 

B : {Mon, Mon"") -^ {Top*, Top""). 

4.2 We will also work with the variant 

B : Mon — > Top* 

where the topological realizations of B,{*, M, *) is replaced by the fat realiza- 
tion which disregards degeneracies. Since the fat realization does not make 
use of identities the functor B extends to Sgp; moreover, BG is well-pointed 
for any semigroup G so that 

B:Sgp^ Top"". 

By construction, there is a natural homeomorphism B{G) = B{G+) for semi- 
groups G, and the diagram 

B{M) = ^ B{M+) 

B{M) 
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commutes for monoids M, where k : M_(. — )■ M is the counit of the adjunction 
12.51 and p : B ^ B is the natural projection. 

It is well-known that p{M) : B{M) -^ B{M) and hence B{k{M)) : B{M+) -)■ 
B{M) are homotopy equivalences if M is well-pointed. 

4.3 The Moore path and loop space: Let X be a (not necessarily based) 
space. The Moore path space of X is the subspace Path(X) C X^+ x ]R+ 
consisting of all pairs {w,r) such that w{t) = w{r) for all t > r. We call r 
the length of w and denote it by r = l{w). 

For two paths {wi,ri) and (1^2, r2) with (u'i,ri)(ri) = (tf25'"2)(0) we define 
path addition by 

(wi, ri) + (w2, r2) = (w, ri + r2) 

with 

Wi(t), < t < ri, 



I 'W^2(t^ — rij ri < t. 

If (X, *) is a based space, the Moore loop space Q'{X) C Path(X) is the 
subspace of all pairs {w,r) with (u7,r)(r) = (w,r)(0) = *. Path addition 
defines a monoid structure on Q'X with (c, 0) as unit, where c : M+ — )■ X is 
the constant map to *. The usual loop space QX is embedded in Q'{X) as a 
deformation retract. 

It follows from [3 (11.3)] that Q'{X) is well-pointed ii X is. Hence f2' defines 
a functor of pairs 

f]' : [Top*, Top"") -^ {Mon,Mon'"). 

Following 13.131 we have pairs of continuous functors 

B^ : HMon ^ HTop* : fi'^ 

and 

B"^^ : HA^on"' ^ T^Top"' = Top"" : 1^""^. 

We shall prove 

4.4 Theorem: The functors 

are a conatural homotopically adjoint pair: There is a continuous natural 
map 

\{WM,X) : Mon{WM,Wn'X) -^ Top*{BWM,X) 

which is a homotopy equivalence. 
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As an immediate consequence we obtain 

4.5 Theorem: The functors 

B'^ : UMon^^UTop* : Vt'^ 

are a conatural homotopically adjoint pair: There is a continuous natural 
map 

XiWVM, V'X) ■ MoniWVM, WVVt'V'X) ^ Top\V'BWVM, V'X) 

which is a homotopy equivalence. 

Proof Replacing M by VM and X by V^X in Proposition 14.41 we obtain a 
natural homotopy equivalence 

Mon{WVM,WVVt'V^X) ^ Top* {BWV M ,V^ X) . 

Since BWVM is well-pointed the natural map q{BWVM) : V^BWVM -^ 
BWVM is a based homotopy equivalence inducing a natural homotopy 
equivalence 

q{BWVMy ■ Top*{BWVM,V'X) -^ Top*{V'BWVM,V'X). 

n 

Passing to homotopy classes we obtain 

4.6 Theorem: The functors 

Ho 5 : RoMon ^ RoTop* : Hoi]' 

are an adjoint pair. Moreover, Ho 5 is the left derived of 7rop* ° B and Hofi' 
the left derived of •jMon ° ^'■ 

Proof This follows from our explicit description of the localizations and the 
derived functors in Section 3. □ 

The rest of this Section is devoted to the proof of Theorem 14.41 By 13.171 
it suffices to construct a homotopy unit /i : Id-uMon^ -^ Q'^'^B^'^ and a 
homotopy counit rj : B^'^Q'^^ -^ Id-^rop'"- Then X{WM, X) is the composite 

Mon{WM,Wn'X) A Top*{BWM,BWn'X) ^^^ Top*{BWM,X). 
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4.7 This means, we have to construct continuous homomorphisms 

fi{WM) : WM — > Wn'BWM 

which constitute a natural transformation up to homotopy with respect to 
homomorphisms WM — )■ WN, and a natural transformation 

r]{X) : BWn'X — > X, 

such that 

(1) Wn'7]{X) o fi{Wn'X) ~ idwn'x in Mori"" and 

(2) 7]{BWM) o B^i{WM) ~ idBWM in Top"". 

(For A to be a natural transformation we need 77 to be a natural transforma- 
tion.) 

4.8 The homotopy counit: Let X be a based space and let 

n 

A" = {(to,...,t„) gM"+^; ^ti = l, ti>OforalH} 

i=0 

denote the standard n-simplex. The evaluation map 

ev{X) : Bn'X = I ]J(fi'X)" x A" j / >X 

\n>0 J 

is defined by 



eY{X){{wi, . . . ,Wn){to, ■ ■ ■ ,tn)) = (Wl + . . . + W„) I ^ tj ■ ^l{Wj] 

\ i=l j=l 

where l{wj) is the length of Wj. 

The homotopy counit 77 is the natural map 

4.9 The homotopy unit: For a monoid M let EM denote the 2-sided 
bar construction B{M,M,*). Then 

Z ■ (Xo, Xi,...,Xn) = {z-Xo,Xi,..., Xn) 

defines a left M-action on the simplicial space B,{M, M,*) and hence on 
EM. 
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Let P{EM) denote the space of Moore paths in EM starting at the base- 
point (e) in the 0-skeleton M of EM. The endpoint projection 

P{EM) — > EM 

is known to be a fibration. Moreover, it is a homotopy equivalence because 
P{EM) and EM are contractible. Let P{EM, M) be the puUback 

P{EM, M) ^ P{EM) 

■k{M) 

M "- ^EM 

where i is the inclusion of the 0-skeleton, i.e. P{EM, M) is the space of Moore 
paths in EM starting at (e) and ending in M. Then 7r(M) is a fibration and 
a homotopy equivalence. We define a monoid structure © in P{EM, M) by 

where -|- is the usual path addition, x G M is the endpoint of wi, and x ■ W2 
is the path t ^ x ■ W2{t) . Then 7r(M) : P{EM, M) — >■ M is a homomorphism 
and hence a weak equivalence of monoids. 

Factoring out the operation of M on EM we obtain a projection 

EM ^ BM 
inducing a homomorphism 

p'{M) : {P{EM,M),®) ^ {Q'BM,+). 

Since we do not know whether {P{EM, M) is well-pointed or not we apply 
the whiskering process to it and obtain a homomorphism 

p{M) : V{P{EM,M),®) ^((^(^^^■^'») {P{EM,M),®) ^^ {n'BM,+). 
The homomorphism a(M) : WV{P{EM, M) -^ M defined by 

WVP{EM, M) -^^^^^^'^^^ : VP{EM, M) '^S^^E^l:^ p^eM, M) 




is a weak equivalence. All these constructions are functorial in M and the 
maps between them are natural in M. We apply them to WM rather than 
to M; in particular a{WM) is a homotopy equivalence in }Aon^ . 

25 



We choose a hoinotopy inverse of a{WM) in Aion'^ 

v{WM) ■ WM — y WVP{EWM, WM), 

which is a natural transformation up to honiotopy with respect to homomor- 
phisms WM -> WN by Lemma 13.151 

We define our homotopy unit by 

fi{WM) : WM ''^^^'^ ^ WVP{EWM, WM) ^^^^*^^ ^ Wn'BWM, 
which is a natural transformation up to homotopy by Lemma I3.15[ 



Our verification of the conditions 14.71 depends on an explicit description of 
an /i-morphism M — )■ Q'BM defined by a natural homomorphism 

C'(M) : W{M) — > Vt'BM 

and the interplay of W{M) and WM. 

We define C'(^) ^-s a composite of homomorphisms 

W{M) ^-^^^^ P{EM, M) ^^^^^ n'BM 

The homomorphism C(^) maps the element represented by (a;o,ti, . . . ,a;„) 
to the path 

Vq + Vi + . . . + Vn 

of length ti + . . . + t„ + 1 in the simplex (e, Xq, Xi, . . . , x„) x A"+^ C EM, 
where 

i;fc(s) = (e,Xo,...,x„) X (Mo,...,Mn+i) and l{vk) = t^+i 

with 

[ (l-^)-^r-n-=.+i(l-^.) r<k 

Ur = < s r = k + 1 

[ r> k+2 

and the convention that tn+i = 1. 

Observe that + is the usual path addition of Moore paths in EM and not 
the monoid structure of P{EM, M). 
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Example: (xq, ti, Xi, ^2,0:2) is mapped to the path wq + ^1 + ^2 of length 
^1 + ^2 + 1 given by 

XoXia;2 




e xqXi 

4.10 By construction, 7r(M) o ((M) = ^(M). In particular, ({M) : WM -)■ 
P{EM, M) is a weak equivalence of semigroups. 

4.11 Remark: We will show below that p{M) : P{EM,M) -)■ Q'BM is a 
weak equivalence if M is grouplike, so that p{M) o C(M) is an /i-morphism 
which is a weak equivalence if M is grouplike. It is well-known that such an 
/i-morphism exists, but to our knowledge there is no explicit description in 
the literature. 

4.12 Consider the following diagram 

{WWM)+ 



e(WM) + 



r{WM)^ 



WM ^^^"^^ : WVPiEWM, WM) ^i^^^ 



P{EWM, WM) 



id 



a{WM) 



n(WM) 



WM 



where ai{WM) = q{P{EM,M)) oe{VP{EM, M)) and /+ : G+ ^ M is the 
adjoint of the homomorphism f : G ^ M from a semigroup into a monoid. 
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By definition of uCWM) and a{WM) tlie left lower triangle commutes up to 
homotopy in Aion^ and the right lower triangle is commutative. Since 

Tr{WM) o C{WM) = e{WM) ~ tt{WM) o ai{WM) o iy{WM) o e{WM) 

Proposition 12.71 implies that 

ai{WM) o iy{WM) o e{WM) ~ C{WM) in Sgp 

which in turn is equivalent to the saying that square I commutes up to 
homotopy in Aion. 

We are now in the position to prove 

4.13 Proposition: t]{BWM) o B^{WM) ~ idswM in Top"". 
This result is a fairly easy consequence of 

4.14 Lemma: The diagram 

BWM ?^ . BM 



BC{M) 



p(M) 



BP{EM^ M) ~'''''' : m'BM ''''''"': BQ'BM '^''"'^ : BM 

commutes up to homotopy. 

Proof Let / = ev{BM)op{n'BM)oBj/{M)oBC and let g = p{M)oBe{M). 
Let z = [zi, . . . , Zn) be an element in [WM)^, so that z x A" is an n-simplex 
in BWM. If Zj = {xjo, tji, . . . , Xjr), then / maps z x A" to the image of the 
path p'{M) o ({zi) + . . . + p'{M) o C,{zn) which lies in the simplex 

a = 0"(2) = (Xio, . . . , Xiri, • • • 5 XnO, ■ ■ ■ , Xnr„) X A ^ 

in BM, while g maps z x A" identically (modulo possible degenerations) 
onto the simplex 

r = t{z) = (Xio ■ . . . ■ Xir, , . . . , X„o • • • • ■ Xnr„) X A" 

in BM, which is a face of cr. So /|2; x A" is homotopic to g\zx A" by a linear 
homotopy. We call a homotopy from f to g admissible if it maps z x A" to 
a{z) throughout the homotopy. 
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We are going to construct an admissible homotopy H : BWM x / — )■ BM 
from f to g hy induction on the canonical filtration [EWM]^"^^ of BWM. 

[BWM]^^^ is a point, which is mapped by / and g to the base-point. Now 
suppose that we have constructed an admissible homotopy 

H : (5WM)("-^) X / ^ BM. 

Let z X A" be an n-simplex in BWM as above. We define 

q{z) = q{zi, . . . , 2;„) = ri H h r„, G N 

and we extend H over (BW M)^"^^ x J by induction on q. 

If g = 0, then z = {zi, . . . , Zn) with Zj = (xjq) for j = 1, . . . ,n and a{z) = 
t{z) = (xio, . . . ,Xno) X A". Hence the space of all ra-simplices z G (WM)"' 
with q{z) = is M". By induction, we have to find a homotopy 

/i : M" X A" X / ^ M" X A" 

over M" which is already determined on M" x 9(A" x J). If 6„ denotes the 
barycenter of A"" we map ((xi, . . . , x„,), 6„, |) to ((xi, . . . , Xn), bn) and cone 
off. 

If g > we have q coordinates tjk & I in z. So the space of all elements z with 
q{z) = q is the union of spaces of the form M"'"'"'' x /^ which may intersect on 
their lower faces M'^'^'^ x LP due to the relations, where LP = {(ti, . . . , tg) G 
P] some tj = 0}. So possible intersections are of lower filtration. We have 
to find a map 

h : M"+'' X /" X A'^ X / ^ M"+'' x A"+'' 

over M""'"'' which is already defined on 

M''+« X (LF X A" X / U J'' X 9(A" x J)). 

Since LP is a strong deformation retract of P, the inclusion 

L/« X A" X / U /" X a(A" X /) c F X A" X / 

is an inclusion of a strong deformation retract. Hence h exists. □ 

Proof of Proposition [47131 Since M is well-pointed, the projection p{M) : 
BM — )■ BM is a homotopy equivalence. If /i : X -H- F is a weak equivalence 
of semigroups, then Bh : BX — > SF is a based homotopy equivalence. Hence 
it suffices to show that 

r]{BWM) o Bn{WM) op{WM) o Be{WM) ~ p(iyM) o ^^(lyM). 
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Using Diagram 14. 12^ Lemma 14.141 with M replaced by WM, and the natu- 
rahty of e and p we have 

r]{BWM) o Bfi{WM) o p{WM) o Be{WM) 

= ev{BWM)oBe{n'BWM)^BWp{WM)oBiy{WM)op{WM) oBe{WM) 

= ev{BWM) op{n'BWM) o Bp{WM) o Be{VP{EWM, WM)) o Bu{WM) o 

Be{WM) 

~ ev{BWM)^p{n'BWM) o Bp'{WM) o 5C(VrM) 

~p(iyM)o5e(iyM). n 

The proof of the first part of 14.71 needs some preparation. Let J' denote 
the category of ordered sets [n] = {0 < 1 < ■ ■ ■ < n} and order preserving 
injections, and let JTopQ denote the category of all diagrams 

X, : T^ -> Top, [n] ^ Xn 

such that Xo is a single point, i.e. an object in JTop^ is a reduced simplicial 
space without degeneracies. Of lately, such an object is called a reduced 
semisimplicial space. The usual fat topological realization functor 

JTopo^Top*, X. h^||X. II 

has a right adjoint, the reduced singular functor 

Sing° : Top* ^ JTopo, Sing° (F) = rop((A", A^), (F, *)) 

where Aq is the 0-skeleton of A". The unit of this adjunction 

r.(X.) : X. ^ Sing° || X. \\ 

sends x G X„ to the singular simplex 

A"^]JXfc X A'^^ll X. II 

k 

where i^ is the inclusion of the simplex {x} x A". The counit 

ev(F) :|| Sing°(F) \\^Y 

is induced by the evaluation maps Sing^(y) x A" — )■ Y. The formula defining 
our evaluation map of 14. 81 defines a natural semisimplicial map 

a,{Y) : N,n'Y -^ Sing° 
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where N,Q'Y is the seinisiinphcial nerve of Q'Y. Let vq, . . . ,Vn denote the 
vertices of A*^ and let L„ C A" denote the union of the l-simplexes [fi_i, Vi], 
i = 1, . . . ,n. Then L„ is a strong deformation retract of A*^. The composite 

{nrr = iV.(fiT) ^^^ Sing° (F) 4 TopiiL^, Ao), {Y, *)) = {QYT, 

where r is the restriction to L„, is the map normahzing the loop lengths 
to 1. In particular, an{Y) is a homotopy equivalence inducing a homotopy 
equivalence || a,{Y) \\. Moreover, the diagram 



4.15 



m'Y ^^"'^^ . Bn'Y 



\\c.{Y)\\ 



cv(y) 



Sing^(y)|| '"'''' . Y 



commutes. 



4.16 Proposition: (1) If M is a grouplike well-pointed monoid, then p(M) 
and hence ^{WM) are weak equivalences. 

(2) If y is a well-pointed path-connected Dold space (see Definition II. 6p . 
then ev(y) : BVt'Y — )■ Y and hence rjiY) is a based homotopy equiva- 
lence. 

(3) If y is a well-pointed space, then Vt' esriY) : VL'BVL'Y — j- VL'Y is a weak 
equivalence. Hence so is Vt'riiY). 

(4) If M is a well-pointed monoid, then B^{WM) : BWM -^ BWVt'BWM 
is a homotopy equivalence. 

Proof (1) The diagram 



M "^^-^^^ : nBM "^^^^ : f]5M 



Cor(Af) 



i{BM) 



P{EM, M) — Q.'BM 

commutes. Here i{X) : QX — t- Q'X is the inclusion and i{M) : M — )■ 
WM the section (see 12. 2p . It is well known that Ti{N,M) is a homotopy 
equivalence if M is grouplike (e.g. see [18]). Since p(M), i{BM), and (oi(^M) 
are homotopy equivalences in Top, so is p{M). 
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(2) In the commutative diagram 14. 151 the map p{il'Y) is a homotopy equiv- 
alence because Q'Y is well-pointed and ev(y) is a homotopy equivalence by 
[ni Prop. 5.6]. 

(3) Consider the following commutative diagram in JTopQ 

N.n'Y "^"^-"'^^ : Sing',Bn'Y 



a.{Y) 



Smg2||«.(y)|| 



C- Otz r.(Smg2y) One- Otz 

bmg, Y s- bmg, II bmg, Y 



id 



Sing2 cv(y) 

Sing° Y 



Restricting this diagram to degree we obtain a commutative diagram of 
spaces 



n'Y 



VLBVL'Y 



ax 



Q.\\a.{Y)\\ 



QBQ'Y 

Qcv(Y) 

^nY. 



Ti(Sing2y) f^ II n- Uv 

\IY s- iz II bmg, Y 

Since Q'Y is grouplike, ti{N,Q'Y) is a homotopy equivalence. Since Y and 
hence Q'Y is well-pointed, Qp{fi'Y) is a homotopy equivalence. Since ai and 
II a,{Y) II are homotopy equivalences, ri(Sing° Y) is one. Hence so is r2ev(F) 
and hence also Qev(Y), which implies the result. 

(4) Since BWM is a well-pointed path-connected Dold space by [T71 Cor. 
5.2] the statement follows from Part (2) and Proposition 14. 131 □ 

4.17 Proposition: WVt'rj{X) o ^{WVt'X) ^ idwn'x in Mon. 



Proof It follows from Proposition 14.131 and the homotopy naturality of /x 
and rj that the following diagram commutes up to homotopy. 



WVt'X 



^JL{WQ.'X) 



WVt'B 



WVL'X 



^l{WQ.'x) 



WQ,'r)(X) 



ii{WQ.'BWQ.'X) 



wn'Bwn'x'^-^^^^^^^^^\vn'Bwn'Bwn'x'^-^ 



Bwn'T){x) 



id 



wn'riiBwn'x) 

WW'riiX) 



wn'x 
wn'x 

wn'riix) 
WQ'X 



WQ'B 



wn'Bwn'x 

We obtain 

wn'7]{x) o ^{wn'x) o wn'r]{x) o ^{wn'x) ~ wn'7]{x) o ^{wn'x) 



32 



Since Q'X is grouplike fi{WQ'X) and WQ'r]{X) are weak equivalences by 
Proposition 14.161 By Proposition 12. 121 both homomorphisms have honiotopy 
inverses in Mon so that 

Wn'7]{X) o n{Wn'X) ~ idwwx 

in Aion. □ 

5 Immediate consequences 

The James Construction: 

The underlying space functor U : {Aion, J^on^) — )• {Top*,Top^) has a left 
adjoint 

J : (Top*, Top"") -^ {Mon,Mon'^) 

commonly called the James construction, which associates with each based 
space X the free based monoid on X. 

5.1 Proposition: (James [12]) For each path-connected based space there 
is a weak homotopy equivalence of spaces 

jx ~ nj:x. 

D. Puppe investigated the conditions which would imply for this weak ho- 
motopy equivalence to be a genuine homotopy equivalence. 

5.2 Proposition: (Puppe [7]): If X is a well-pointed path-connected Dold 
space then there is a homotopy equivalence. 

JX ~ fiSX. 
Consider the diagram of functors 

Mon"^ =^ Top"" 

Top"" 
All functors preserve weak equivalences. Hence they induce a diagram 

Ho Mon"" "°^ Ho Top"" 




}ioTop'"i 
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consisting of adjoint pairs. Since the Moore loop space functor is naturally 
homotopy equivalent to the usual loop space functor there is a natural trans- 
formation 

t{x) : u o n'{x) -^ n{x) 

which is a homotopy equivalence. Hence Ho Q and Ho U o Ho Q' are naturally 
isomorphic. Since their left adjoints are unique up to natural isomorphisms 
this implies that Ho B o Ho J and Ho S are naturally isomorphic. We obtain 

5.3 Proposition: For each X G Top^ there is a homotopy equivalence 

BJ{X) ~ E{X) 
natural up to homotopy. D 

We obtain Puppe's result by combining 15.31 with another well-known result: 

5.4 Proposition: If M is a well-pointed monoid whose underlying space is 
a Dold space and tto{M) is a group, then M is grouplike [3 (12.7)]. 

Proof of 15. 2t If X is a path-connected Dold space, so is JX. Hence JX 
is grouplike and fi(WJX) : W JX — )■ WQ'BWJX is a weak equivalence by 
I4:T61 so that Vt'Be{JX) o eiVt'BJX) o ^i{WJX) o l{JX) : JX -^ Vt'BJX is 
a homotopy equivalence. We have a sequence of homotopy equivalences 

JX ~ Vt'BJX ~ VlBJX ~ l^SX 



Homotopical group completion: Homotopical group completion is the 
replacement of a monoid by a grouplike one having a universal property. 
We state our result for the full subcategory HoA^on"' of Ho A^ on of well- 
pointed monoids. Since q{M) : VM — )■ M is a weak equivalence, YioM-OTi^ 
is equivalent to HoA^on so that the corresponding statement for YioAion 
follows. 

5.5 Proposition: Let M be a well-pointed monoid. The homotopy class of 
the homomorphism ^{WM) : WM — )■ WQ'BWM, considered as a morphism 
in B.O Aion'^{M,Q'BWM), is a group completion in the following sense: 
Given a diagram 

M ^^^^^^^' : n'BWM 

in Ho Aion^ with A^ grouplike, there exists a unique morphism [g] : Q'BWM — )■ 
A^ making the diagram commute. 
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Proof Consider the homotopy commutative diagram in Aion^ 

WM "^^""^ : Wn'BWM 

WQ'Bg 

WN ^^^^^ . Wn'BWN 

Since A^ is well-pointed and grouplike fi(WN) is homotopy invertible in 
Mon^ by 14.161 We choose a homotopy inverse h : WVt'BWN — )■ WN 
and define g = ho WQ'Bg. Then g o fi(WM) c^ g in Mon'^. 

For the uniqueness of \g] suppose there is a homomorphism g' : Wfl'BM — > 
WN such that h o n{WM) ~ ^f. Put ji = ij{WN) o 51' and J2 = W^fi'S^-. It 
suffices to show that ji ~ j2 in A^on"'. Since Bji o i?/i(14^M) ~ /i(14^A^) o 
Bg ^ i?J2 o Bfi{WM) and i?/i(iyM) is a homotopy equivalence by I4.16[ 
we obtain Bji ~ i?j2- Since fi{WQ'BM) and /x(iyr2'i?iV) are homotopy 
equivalences in Aiort^ by 14. 161 and /i is natural up to homotopy the following 
diagram is homotopy commutative and establishes the result: 

wn'BM ^^^"'''^'^: wn'Bwn'BM 

3k wn'Bjk 

wn BN "^^"'"^^^^ wn'Bwn'BN 

D 

Dold spaces and grouplike monoids 

For details on Dold spaces see [T7]. We restrict our attention to the well- 
pointed case. Using the whiskering process it is easy to extend our results to 
the general case. 

Let Top^^i^ C Top'^ denote the full subcategory of well-pointed path-connected 
Dold spaces. Since BM is in Top^^i^ for any well-pointed monoid by [TTl Cor. 
5.2], the classifying space functor retricts to a functor 

B : Mon'" ^ Topl^i,. 

Let M.on^j.^^p C Aion'^ denote the full subcategory of grouplike well-pointed 
monoids. Then Proposition 14.161 implies 

5.6 Theorem: The functors 

B^^ : HMon"^,^^ ^ nTopl^i, : n'^^ 
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define an equivalence up to lioniotopy of categories, i.e. tlie natural trans- 
formations up to lioniotopy /i : Id — )■ Q""^ o B"^^ and t] : B"^^ o Q"""^ — )■ Id 
take values in homotopy equivalences. In particular, 

Hoi? : RoMon^,^^ t^ HoTop^^,, : Roil' 

define an equivalence of categories. □ 

The second part is a slight extension of a well-known result (e.g. see [5], 
Section 4]. 

The following two propositions extend and strengthen results of Fuchs [5], 

Satz 7.7]. 

The diagram 

Mon'"{WM, WN) ''^^^H Mon'^iWM, Wn'BWN) 

______^ X{WM,BWN) 

Top'^iBWM^BWN) 
commutes up to homotopy because by 14.131 

{X{WM,BWN)oij{WN),){f) = r]{BWN)oB'ofi{WN),){f) 

= ri{BWN)oB^i{WN)oBf 
^ Bf continuously in / 

with B' : Mon'^iWM^WVt'BWN) -^ Top'"{BWM,BWVt'BWN). If N is 
grouplike ^{WN) is a homotopy equivalence in A^on"', and we obtain 

5.7 Proposition: If A^ is a well-pointed grouplike monoid then 

B : Mo7f{WM, WN) -^ Top^{BWM, BWN) 

is a homotopy equivalence. □ 

Since r]{X) : BWQ'X — )■ X is a natural transformation the following diagram 
commutes 

Mon'^iWn'X, Wfi'Y) ^-^^ — Top'^iX, Y) 

B r,{Xr 

Top'^iBWQ'X, BWQ'Y) ^^ Top^'iBWQ'X, Y) 
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Since lyfi'F is grouplike the map B is a. homotopy equivalence by 15. 71 Since 
r/(y), o B = X{Wn'X,Y) the map r/(F), : Top'^iBW^'X, BWn'Y) -^ 
Top^{BWVL'X^Y) is a homotopy equivalence. If X is a well-pointed path- 
connected Dold space ti{X) is a based homotopy equivalence by 14.161 We 
obtain 

5.8 Proposition: If X is a well-pointed path-connected Dold space then 
WVt' : Top^i^X, Y) -^ More"{WVL'X, WVt'Y) is a homotopy equivalence. □ 

Homotopy homomorphisms and unitary homotopy homomorphisms 

5.9 Proposition: Let M and N be well-pointed monoids and A^ be group- 
like. Then e'{Ai) : WM — > WM induces a homotopy equivalence 

MoniWM, N) -^ 5gp(WM, N). 



Proof By 12. 71 we may replace N by WN . Since 5gp(iyM, WN) is naturally 
homeomorphic to M.on{W{Mj^),WN) by 12.51 it suffices to show that the 
counit k{M) : M_|. — )■ M induces a homotopy equivalence 

k(M)* : MoniWM, WN) -^ Mon{W{M+), WN) 

The diagram 

Mon{WM, WN) Top*{BWM, BWN) 



k{M)* 



Bk(M)* 



M(m{W{M+),WN) — ^rop*{BW{M+),BWN) 



commutes. By 15.71 the maps B are homotopy equivalences, and by 14.21 the 
map Bk,{M)* is a homotopy equivalence. Hence so is k{M)*. □ 

5.10 Remark: In general we cannot expect that e'{M) : WM — )■ WM 
induces a homotopy equivalence. E.g. it can happen that a homomorphism 
WM — )■ N does not map (cm) into the path-component of e^ so that there 
is no chance to homotop it into a homomorphism WM -^ N. 

5.11 Proposition: If M is a well-pointed monoid then Wq{M) : WVM — )■ 
WM is a homotopy equivalence in Aion'^ by 12.121 inducing a homotopy 
equivalence 

Mon{WM, N) -> Mon{WVM, N). 
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6 Diagrams of monoids 

We want to show that the homotopy adjunction of Theorem 14.51 hfts to 
diagram categories. This is not evident: since the unit of our homotopy 
adjunction is only natural up to homotopy it does not lift to diagrams. 

Let A^ be a cocomplete Top-enriched tensored category with a class W of 
weak equivalences containing the homotopy equivalences. We assume that 
Jv[ has a strong cofibrant replacement functor {Qm.^m)- We use ® for the 
tensor in Ai and Q for Qm as long as there no ambiguity. 

6.1 Definition: Let C be a small indexing category. A morphism / : Z^i — )■ 
D2 of C-diagrams in M. is called a weak equivalence if it is objectwise a weak 
equivalence in M.. We denote the class of weak equivalence in M.^ by W^ . 

Our first aim is to show that Ai^ admits a strong cofibrant replacement 
functor. We proceed as in Section 2. 

We define a C x C°P-diagram B{C,C,C) in Top as follows: 

B{CX,C)ib,a) = BiCi-,b),C,C{a,-)) 

where the right side is the 2-sided bar construction of I4.1[ 
The C X C°P structure on Bn{C,C,C) is given by 

(fi-, h) ■ (/o, . . . , /„,+i) = {g° /o, /i, • • • , /n, fn+i o h) 

Analogously we define a C°P-diagram i?(*,C,C) in Top, where * denotes the 
constant C°P-diagram on a single point. 

6.2 Lemma: Let X and F be C x C°P-diagrams in Top, let p : X — )■ F 
be a map of diagrams which is objectwise a homotopy equivalence. Then p 
induces a homotopy equivalence 

in Top. 

Proof We apply the HELP-Lemma. So given a diagram 

K ^^^^^Top^''^°'{B{C,CX),X) 

.rop'^xc°-{B{C,C,C),Y) 
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which commutes up to a homotopy hx^t : g o i — p* o fx, where z is a closed 
cofibration, we have to construct extensions 

of fx respectively hK,t such that ht '■ g — p* o f . 

Taking adjoints the above diagram translates to the following diagram of 
C X C°P-spaces 

/' 



K xB{C,C,C) 

ixid 

Lx B{C,C,C)- 



X 



Y 



which commutes up to a homotopy /ij : (? o (z x id) ~ j>* o /' in Top^^^°^ , 
and it suffices to construct extensions f : L x B{C,C,C) — )■ X of /' and 
ht: Lx B{C, C,C)^y of h'^ such that ht : g ^ p^ o fm Top'^''^°\ 

We construct these extensions by induction on the natural filtration F„ of 
L X B{C, C, C) induced by the realization of the simplicial set -B,(C, C, C). We 
start with Fq = U^i^^L x C{c,b) x C{a,c). The diagram 



i^x{(id„id,)} 
L X {(idc,idc)- 



/' 



^Xicc) 

P* 



commutes up to a homotopy given by h'^. Since p^ : X{c,c) — )■ Y{c,c) is 
a homotopy equivalence and i^ — ;■ L is a closed cofibration the required 
extensions exist by the HELP-Lemma. We extend / over all of Fq by 
/(^Jo, ji) = X{jo,ji) o /(/,id,id) and analogously for ht. 
Now suppose that / and ht have been defined on Fn-i- We obtain F„ from 
F„_i by attaching spaces L x (jo, • • • , jn+i) x A'' along L x (jo, • • • , j„+i) x dA"". 
Here the j^ are morphisms in C such that the composition 

Jo o • • • jn+i : a -)> c„ -)> . . . co^b 

is defined and ji, . . . ,jn are not identities. Hence the extension / and the 
homotopy ht are already defined on 

DiL X (jo, Ji, . . .,jn,Jn+l) X A") 

= K X (jo, Ji, . . .,3n,3n+l) X A" U L X (jo, ji, . . . , jn, jn+l) X ^A'^. 
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We apply the HELP-Lemina to the hoinotopy commutative diagram 
D{L X (idco,ji,...,jn,idcJ x A") ^X(co,Cn) 



g 



L X (idco,ji,...,j„,idc„) X A" ^F(co,c„) 

where /" and the commuting homotopy are given by the already defined 
extensions. Since p* is a homotopy equivalence and the inclusion 

D{L X (idco,ji,...,jn,idcJ x A") c L x (id^o, ji, . • • , jn,idcj x A" 

is a closed cofibration the required extensions exist. We extend our maps to 
maps of diagrams as in the Fg-case. □ 

Let D be a C-diagram in M. and X a C°P-diagram in Top. We define X®cD 
to be the coequalizer in Ai of 



U X(target(/)) ® D(source(/)) ^- U X{a) ® D{a) 

/€ mor C agobC 

where for f : a ^ b in C the /-summand X{b) (g> D{a) is mapped as follows 

a = X(/)®id: X{b)®D{a) — y X{a)(^D{a) 
/3 = id®D(/): X{b)®D{a) ^ X{b)®D{b) 

We define a functor 

R:M^^M^, D^B{C,C,C)^cQD 

where B{C, C, C) ®c D is the C-diagram 

a^-^ B{C{~,a),C,C)®cD 

in M. 

6.3 Proposition: Let -Dq; -Di, and D2 be C diagrams in A^, let p : Di — )■ D2 
be a weak equivalence in M.*^ and q : Ai ^ A2 a. weak equivalence in A^. 
Then p and g induce homotopy equivalences 

p,:M'^{RDo,D,) -^ M^{RDo,D2) 
q,:MiB{*,C,C)^cQDo,A^) -^ A1(5(*,C,C) ®c Q^o, ^) 

in Top. 

40 



Proof Since M^{RDo,D,) = rop^""^"^ {B{C,C,C), MiQDo, Di)) it follows 
fromLemma[OwithX(6,a) = M{QDo{a), Di{b)) andY{b,a) = M{QDo{a), D2{b)) 
that p* is a homotopy equivalence. 

There is a sequence of natural homeomorphisms 

= rop'^°''{co\imcB{C,C,C),M{QDo,Ai) 
^ Top^''^°^{B{C,C,C),M{QDo, const Ai) 

where constvlj are the constant C-diagrams on Ai. As in the first part, it 
follows that g* is a homotopy equivalence. □ 

Let C, denote the C x C°P-diagram of simplical sets sending (a, b) to the 
constant simplicial set C{a,b). The maps 

Sn-. B^{C,C,C){a,b) ^ C{a,b) 

(/o, • • • , fn+l) I > /o O • • • ° fn+1 

define a simplicial map B,{C,C,C) — )■ C,. Let 6 : B{C,C,C) — )■ C be its 
realization. 

6.4 Proposition: 6{D) = S 0c ids : B{C,C,C) 0c D -^ C ®c D = D is 
objectwise a homotopy equivalence in A4 and hence a weak equivalence in 
7W^. 



The proposition is an immediate consequence of the following Lemma: 

6.5 Lemma: For each object 6 G C the map e : B{C,C,C){—,b) — ?■ C{—,b) 
is a homotopy equivalence in the category Top^°^ . 

Proof For a G C let Xa denote the category whose objects are diagrams 

a ^ c -^ b and whose morphisms from this object to a ^ d -^ b are 
morphisms /i : c — )■ c' in C making the diagram 

, c. 




commute. Let C(a, b) stand for the discrete category whose object set is 
C{a,b). Then 



Ea-Xa^ C{a, b), {a—^c—^b)h^ (jo o ji : a -^ 6) 
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id 



defines a functor wliicli lias tlie section 

Sa : C{a, h) ^ X^, j ^ (a^b^b). 
Tliere is a natural transformation r^ : Idx^ -^ SaO Sa defined by the diagram 




jQOJl 



So Ea induces a homotopy equivalence of the classifying spaces. Now B{Xa) = 
B{C,C,C){a,b) and B{C{a,b) = C{a,b). Moreover all data are natural with 
respect to a G C°^. Hence we obtain the required result. □ 

6.6 Corollary: R : A^*^ -)■ M'^ together with e = (5 ®c ^m : -R -^ W is a 
strong cofibrant replacement functors. 

Let TV be another cocomplete Top-enriched tensored category with a class 
of weak equivalences containing the homotopy equivalences and a strong 
cofibrant replacement functor {Qn,£n)- 

6.7 Theorem: Let 

F:M ^U -.G 

be continuous functors inducing a natural homotopy equivalence 

\{QmA,QnX) : M{QmA,QmGQnX) ^ U{QnFQmA,QnX) 

so that 

F^ : UM ^ HM : G^ 

is a conatural adjunction up to homotopy. Then 

is an adjunction up to homotopy, and hence 

Ho(F^) : YLo{M^) ^ YLo{U^) : Ho(G^) 
a genuine adjunction. 
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Proof For diagrams D : C ^ Ai and Z : C — t- A/" we have a sequence of 
natural maps 



-^"^{RnFQmD^QnZ) 

RnF5{QmD)* 

M'^iRNFRMD.QMZ) 

S{QnZ)* 

U^{RmFRmD,RnZ) 



rop^^^'"{B{C,C,C),M{QNFQMD,QMZ)) 

X{QmD,QnZ), 

Top'^xc^'iBiC, C, C),M{QmD, QmGQnZ)) 



M^{RmD,QmGQmZ) 

S(QmGQnZ), 

M^{RmD,RmGQmZ) 

RmG5{QmZ), 

M^{RmD,RmGRnZ) 



By assumption \{QmF>, QnZ) is a homotopy equivalence. Since 5{D) is ob- 
jectwise a homotopy equivalence and since continuous functors preserve ho- 
motopy equivalences, RmG5{QnZ) and RnFS{QmF>) are homotopy equiva- 
lences in Ai'^ by 16.31 so that RmG6{QnZ)^ and R^FS{QmF>)* are homotopy 
equivalences in Top, and 6{QnZ)^, and 5{QmGQnZ)^ are homotopy equiva- 
lences in Top by 16.31 □ 

6.8 Addendum: The last natural map in the proof of the theorem points 
in the wrong direction. So we cannot conclude that [F^)^ and (G'')^ are a 
conatural homotopy adjoint pair. 



7]{QnY) = \{QMGQNY,QNY){id 



QmGQn 



y) ■■ QnFQmGQnY -> QnY 



is natural with respect to morphisms / : QnYi — t- QnY2 in N . If r] extends 
to a natural map rjiY) : QnFQmGY — )■ Y for all F G A/" or at least for all 
Y of the form Y = RnY' we obtain a natural map X'^{RmD, RnZ) defined 

by 



M^{RmD,RmGRnZ) 



RnF 



\C{RmD,Rnz 



- M^{RnFRmD, RmFRmGRnZ) 



viRNZ) 



M^{RnFRmD, RnZ) 



which makes the diagram of the proof of the theorem commute so that [F'^)^ 
and (G'')^ are a conatural homotopy adjoint pair. 
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For use in the next proposition we note 

6.9 Lemma: Let D : C ^ Aion^ is a diagram of well-pointed monoids. 
Then B{*,C,C) ®c D is a. well-pointed space, and B{C,C,C) ®c D and 
B(C,C,C) <^c WD are diagrams of well-pointed monoids. 

Proof The first part holds by [151 Prop. 7.8]. The second and third state- 
ment follow by the argument used in [151 Prop. 7.8]. □ 

From 16.61 and 16.91 we obtain 

6.10 Proposition: With the choices of weak equivalences W as in 13.71 the 
functors 

Mon^ -^ Mon^ D^B{C,CX)®cWVD 

(Mon'^f -^ {Mon"")^ D^ B{C,C,C)^cWD 

Sgp^ -^ Sgp^ D^ B{C,C,C)®cWD 

{Top*Y -^ {Top*f D^B{C,C,C)+^cV'D 

{Top"")^ -^ {Top'^f D^B{C,C,C)+^cD 

together with the corresponding natural transformations e are strong replace- 
ment functors with respect to the weak equivalences in W^. In particular, 
the localizations of these categories with respect to W^ exist. (Recall that 
K^ A X is the tensor over Top in Top*.) 

Since Addendum 16.81 applies to our situation in Section 4 we obtain 

6.11 Theorem: The homotopy adjunctions of Theorems 14.41 and 14.51 lift to 
conatural homotopy adjunctions 

(B^)^ : U{Mon'"f ^^ {Top'^f : {Q'^f^ 

and 

(5^)^ : HMorf^^Top*^ : (fi'^)^. 

There are natural adjunction homotopy equivalences 

X{RD,QZ):{Mon'"f{RD,Rn'QZ) -^ {Top'"f{QBRD,QZ) 
\{RVD,QV'Z):Mon^{RVD,RVn'QV'Z) -^ Top*^{QV'BRVD,QV'Z) 

in Top, where {R, e) and [Q, e*) are the cofibrant replacement functors in 
{/Aon'^)^ respectively {Top^Y of l6.10[ Hence 

HoS^ : }lo{Mon'"f ^ }lo{Top^f : YioVt'^ 
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and 

HoS^ : RoiMonf ^ }io{rop*f : Hofi'^ 

are genuine adjunctions. 

6.12 Theorem: Let A^ be as above. Then the adjoint pair of functors 

cohm : M''^ ^ M : const 
induces a conatural adjunction up to honiotopy 

colim^ : TiM^ ^ TiM : const^. 
Hence we obtain a genuine adjunction 

Ho cohm : HoA^*^ ^ HoA^ : Ho const 

Proof We have the foUowing sequence of natural honiotopy equivalences 
and homeomorphisms from 'HAi'^ {D , const^ A) = Jii'^{RD,R{constQA)) to 
nM{co\im^D,A) = MiQico\imRD),QAy. 

(1) M^{RD,R{constQA)) '^""''^^^*) M^{RD,constQA) 

(2) ^ M{co\imRD,QA) 

(3) e^icoUmRDr^^ M {Q {cohm Q D) , Q A) . 



The first map is a honiotopy equivalence by l6.3[ the second one is the adjunc- 
tion homeomorphism, and the third one is a homotopy equivalence, because 
eA/(colimi?D) : QcoliTCiRD — >■ colimi?D is a homotopy equivalence in Ai 
byESl □ 

6.13 Definition: The homotopy colimit functor hocolim : Ai'^ — )■ A1 is 
defined by 

hocolim D = colimi?D = B{*,CX) ®c QD. 

6.14 Remark: In the literature one often finds the homotopy colimit defined 
by hocolim D = B{*,C,C) ®c D (e.g. see [IDl 18.1.1]). This has historical 
reasons because homotopy colimits were first defined in categories where all 
object were cofibrant. 

We apply these results to Aion and prove 
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6.15 Theorem: The classifying space functor 

B : {Mon,Mon'") -^ {Top*, Top"") 

preserves homotopy cohmits up to genuine honiotopy equivalences. More 
precisely, for any diagram D : C ^ Aion the natural map 

hocohm'^°P* BD -^ 5(hocohm-^°"i;) 

is a homotopy equivalence. 

Proof By definition of the homotopy colimit functor it suffices to prove the 
well-pointed case. 

Consider the diagram 

(Mon^f "''^"""'"^ RoiMon^f ""^"''"^ . Eo Mori 



bc 



HofiC 



HoB 



(Top-'f !Zf£!__ YLo{Top*f "°^°^^"' ^ Ho Top"" 

and recall that Ho colim is induced by the homotopy colimit functor. Since 
B preserves weak equivalences in the well-pointed case, B^ induces Ho 5'' so 
that the left square commutes up to natural equivalence. The right square 
commutes up to natural equivalence, because the corresponding square of 
right adjoints commutes. Hence, for any diagram D in Aion, the natural 
map 

hocolim'^^P"' BD -^ fi(hocolim^°""' D) 

becomes an isomorphism in Ho Top'" = irTop^ . □ 
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